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1

Galerkin—Petrov

QCR3 I' = aQ
(1) u,B, p
1 1 - .
]ITZA[H_ N(u Ju+ “p- m( XB)xB=f,
*u= 0
RL 'x( X B)- .X(uXB)ZO,
““B=0
u= g,
Ben= g
Ly B < mj= [(ux B xw) = k.
u ;.B 7p >
Hartmann Reynolds , f € H'(Q)°

g € H*(T)°, Lg'nds = 0,

q E Hl/z, Ilgds = 0,
k E Hl/2(1’1)3’ k.n: O’ <k’ l>F: 0’ <k’ ..-.¢>l—‘: 0,

(I) :
(I')  (uB) € Z(, p €LYQ
a((w,B), u,B), (v, W)+ b((v, ¥),p) = F(v, W),
Vv, W) € Tn( 9,

b((u,B), X)= 0, VX €LY Q),

Vo EHY Q.

Thin( Q):= Ho( Q) x Hu( Q), Li( Q= %g €LY qux B %

Hu( Q):= {‘PEH'( Q3 (Wn)lr= 0.

(3)

Tal 0= (v €M (Q%vir= gyx{ WEH( Q% Wnlr= gh= Xx ¥

Wy, Wi o= (v llio+ I1WIT )" (o)
a((u, B),(V, ‘p),(w, CD))_':

ao((v, W), (w, ®)+ ai((u,B), (v, ¥),(w, D)),
ao((v, W), (w, ©)) =

L Tye Swda + RL%J‘Q{( X We( X D)y (L

Mo
a1((u,B),(v, ‘y),(w, CD));:

LW D),

]%bl(u; v, w)— RLmJ.Q[(x W) x Bow— (. x @) x Byl d,

3
bi(u; v, w):= %L}Z[ u;i %Llw, - U aai:fv]] dx, u,v,w € H'( Q)7
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b((v, W), X):= - IQ( ey) Xdx, F(v, W)= Lfvdx+ RLLQk‘l’ds.
b](',’ -’ -) al('; -’ o) .

bi(u;v,v) = 0,

bi(u;v,w) == bi(u;w,v), ai((u,B), (v, ¥),(v, ¥)) = 0,

6
al((ll, B),(V, llj)’(w, CD)) == al((”? B),(W, CD)’ (V, qj))’ ( )
VYuv,w€ X, VB, O, WE Y.
_ bi(u; v, w) o (f.v)
No=  SUR e T 1ol vl wiy 0l = sup Il
[2] (1) :
[ a3 1 x B2 If ., (7)
L 1
H=min 320 2
( [4] [13]).
(A1) Q el
Iyllo <ell v lle, Vv €HY QP
1o lose < lldll,  VoEH(Q. (8)
{7;} Q ( [13] [14]). h:= Iggp}{hl(;
hie= diam(K )}, h c  VvKE€Z  h <.
X" cH'(Q)? k . S6 C LY Q) ! Y cH'(9)°
Xo( Q)= X'(Q) NHH( Q)P Yo( Q= Y(Q NH,(Q), (9)
7= XN(Q) x Y(Q), T'( Q= Xo( Q) x Y Q. (10)
X zZ'
zh(Q)_{WhEx{)j( “wi) Xuody = 0, ths} (11)
(I')  GalerkinPetrov :
(L) (B €7 (2 xSH Q) wlso= g (Ben)loo= g
ao((uh, Br), (v, W)+ ai((un, Br), (un, By), (v W) +
b((v, W), pu)— b((v, W), X)+ Z& zAuh+ N S w -
RL( X Bi) X Bu, - ]#Av+ y(un )yt X RL( - X Bh) X =
F((v, )+ Z&K[ - 12Av+ y(w v+ X—
—( X By) x “L, V((v, W), x) € Tbn( Q) x So( Q) (12)
& = ClhK a> 0

(v,A)= ((v,A), X), (W D)= ((w,D),r)
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Bs((u, B), (un, Br); (9,A),(Ww,D)) =
ao((v,A),(w,D))+ ai((u,B),(v,A),(w,D))+
b((v,A), X)— b((v,A), )+

DN E P B
K;&—MzAv+Nu.v+.X m(.xB)XA,

1 1 . . |
- QRN W - R—m(.' X By) XD]K,

Ls((un, By); (W, D)) = F((w, D)) + Z&K[ jézAw+ #u;p S we

— R—m( x Bh) X l)]K’

B ((uh, Bu), (un, Br); (m, Br),(Ww,D),f) =
Bs(( un, Bu), (un, B); (in, Br), (W. D)) — Ls(( un, Br); (W.,D)),
8 ,8lk = &, VK € 7. (1)
.= ((un, Bi),pr) € 77( Q) x Sh( Q)
B's ((un, By). (wn, Bi): (i, Bi), (W.D).f) = 0,

V(w,D) € 7" Q) xSi( Q). (13)
2 Galerkin—Petrov
(1x) . Babwéka-Brezzi
1 (A) (1) ((w., By, pn) € 7//*(9) x
So( Q) .
Brouwer : (vi, Ar) € 77 Q), (v, An) Il <

P, P=2wle 82 Nf e + (¢/Ru) 1k 1-12.00)

B ((vi, An), (v, An); (dn, Bu), (W, D). f) = O,

V(#W.D) € 7' Q) x Si( Q, (14)
(itn, Bu) = ((wn, Bi),pn) € 77" ( Q) x Si( Q) ( [2] [15]) .
(vh, An) (14) (i, Bi), G: (P, An)
(@th, Bn) = G((Pn, Ar)), (Vh,An) = ((vh, An), ph).
Bﬁ(‘, o; c, o) s
Bs(( v, An), (W, Ah) ;(Ttn, By), (@in, Br)) =
—2 w | 2 (1 . x Bili+1 “*Buli)+
Il 64 - 2Auh+ _vh R RLm( X Ay) X Bi} ||(2),h, (15)
« llogn= k; le 13x.  Hilder (A1) .,

Bs((vh, Av), (Vh, An); (@n, Br), (@n, Br)) -
B's ((vh, An), ( Vi, An); (Qh, By), (@n, Br), f) =
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1 1 -
F((u, By))+ Z&[ - MzAuh+ yre up+ T ph -

]{L ..'.X Ah) X Bh Ll l{ 1/25% ||(uh; Bh) ||7/+
6 ”f Il + -+ Tk 1120 0p x S lAuh+ iv;' g+ .-"p,—
Rm s M2 N h L h
1, .-
R ( X Ah) X Bh <
m 0, h

2wy 61/2){ IfF 1l + ;_1 Il k ||_1/2,a% X

{ﬂ#| un 11+ ém X Buli+ | e Bi )+

] I LA xB c |V
T e AR R Rm(' h) O R (16)

N
(15) (16)
z#' w, |1+ #(I X By I+ e By I
2 1 1 . . 1, - 2|2
8 - MzAuh+ th. S Ut o ph— R ( X Ah) X By , <
m 0, h
(s 51/2){ f Il + }3—; k1l 1200 - (17)
(17

ﬁ#l un |1+ ﬁ(l X Bil T+ Bl it

vl 1 1. - 1, . : |2
6 [— WAuh+ NV Ut ph- Rm(.- X An) % B/J IJ <P. (18)
Bp = {(fm, An) = ((vi An), %) € 77 Q) Nl (w, An) 1< P}, (18) G
Br B , G : (9, Ah), Il (vh, Al) Il < P(i=1,
2), (14) (@th. Bi) = ((th, Bi).pi). (¥, AW) = ((vh Ai).ph) (Ph A}) € Bp,
(@th, Bi) = G((%h A}))
B's ((vi. Ah). (vi, Ai): (@, B}), (W, D).f) = 0,
V(w,D) € 7" Q) x S Q). (19)
(18
L w13 0 S x BT B
M R
vo| L L, o RIF A B ; J0F 17
’ [_ g At N TSPl R (A XBh] o,f] <P (M)
(19)

Bs((vh, AL), (vh, Ab); (@, Bh), (W, D)) -
Bs((vi, A%), (vi, At); (ar, BY), (W, D)) =

- 1, .
Z&k MzAw+ N(vh Jw+ - R—m( X Ap) XD}K-F
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K;&k[f: ]#(V%— V%)W]A = Gl, V(}’{)’D) E y/‘. (21)
(W,D) = ((an- at).(Bi~ B1)),
(w,D)= ((w.D),r)= (((ui~ ui),(Bi~ B3)).ph~ pi), ,

Bs((vi, AL), (Vi AL): (W, D), (W, D)) =

Liwite Rl_z(l X DTl DY)+

M
2 1 11 . : 1 : 1 ’
&7 - A?Aw+ VYRt WA X R_m( X Ah) x D b (2)
. (21
Bs((vi, AL), (vi, AL): (W, D), (w.D)) =
Bs ((Vh, Ah) (vh; Ah) (ﬁ}lla Blh);(wa D)) -
Bs((vh, AL). (vh AL); (@i, Bi). (W, D)) =
Bo((vi. A%). (vi. AR); (@h, Bh), (W, D)) -
Bs((vh. Al), (Vi Ab): (@h, BY), (W, D)) + Gy =
(ll((vh_ vh,Ah Ah) ( % Blzl)a(w> D))+
K;SK (V%z— v%).-"u%, - #Aw+ ]%(v}l S)w+ -
Lo “x an) x D| + &[- Lnd+ Lovi e pio
Rm K K /7’ M N
Rl (x B})x A}, (vi- vh) w} + Gi=:
m K
Si+ S2+ S3+ Gu. (2)
Sobolev ( [ 14] 1.24)
Hyllog KCllv llg o SCoh™ 1 w1y, Vv €X' (24)
(19) Cauchy
| S1I S Cll(vi- vh, Ai— AL) 1Al (w, D) 11 5, ()
| S21 S Ch™ 2607 l(vi— vh, AL — Ah) |l x
82| - #Aw+ ]%(v}%-"')w+ - RLm( X Ab) % D} L (26)
| S31 S Ch 260 ll(vi— wh, AT = Al) 1Al (w, D) 1l 5, (27)
Sy = ng,x&z a’, C h ( c ).
| Gyl= { - zAw+ N(Vh Jw+ - R%n(.-"XAh)XD]K+
Z&[ vk ) W] <
K
Coi* I (vi— vi, AL — AL) |l
§V2| - #Aw+ ]%(vi.-")w+ - R%n( X An) % D] 0,h+

C (vi- v, Ai— AW 1Al (w, D) 1l - (28)
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(25) (28)
| Stl+1 S20+1 Sal+1 Gl SL(R) I (vi— vh, AT— Ah) |l #x
2| L L, - - L, oy
67| = JEAWE VAt W T X= (X AL) X D
(27)  (28) (29

A1
e

ﬂ#| wils R%m Sx DI+l DI+

2

V2
} : (2)

0, h

| wile R%ﬂ S x DI+l DY+

12 1 Loy, - - 1, . 1 - |2
° {_ WRAWE Rt wE X (T X A XD} o,'] <
L(R) l(vi— vi, Ai— A}) |l 5~ (30)
(30) (w,D)= (ui- ui, B,— Bi),L(R) (%5, Ah) (. Bh)(i= 1,
2) , G . Brouwer s (fm, Br) =
G((itn Bi)), (1) ((un Bu).pr) € 7' Q) x Si( Q). 1
[14] 4.12 .
2 FELYQE W2If I < 1. ho, h < ho,
(14) ((w, Bi),pr) € 7" (Q) x Si( Q),
]#l w13+ RL’ZR(I X Byli+l By 1Y)+
2 172
61/2[— ]#Auh*' Nlulf S+ ph - R%n( X By) X Bh] 0}] <
(MPALFNE + 187 115) 7. (31)
3 Galerkin—Petrov
(I4) GalerkinPetrov
[14] 4.13 .
3 | 2 (1w {((uw. Bi). pu)
(1°)  ((u.B).p),
4 3 : (1) ((u,B),p) € 7( QY xLy( Q),
(1) ((un, Bi), pn), K> 0, Vh <k
[ll||(u, B)- (d',B") 115+ |87~ M%A(u- w,) + Niuh-.-"(u— up) +
. 1 . 2 1/2
“(p = pr)- R—m(-" X (B- By)) x (B- Bh)} Qh] <
C(H+ W4 "), (32)
C h , b= min{M_z, R:ﬁ.
2 (1n) . (W Du)= ((wi.Di).ri) = (( T -
w,, W,B - B;), JTIZLp— Dh) - ,

Bs((un, Bu). (wn, By); (Wi, Dy), (Wi, Dy)) =
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#| wilie (1 X Dyl oD 1Y e
g2l L 1 . - 1, 5By xD ?
- AW et et = h) WL, =S (3

. (13 (15)
S1= Bs((un, Br),(wn, Br); ( Witn, B ), (Wi, Dp)) -
Bs((wn, By), (uwn, By); ( Wiy, TBr), (Wi, Dy)) =
Bs(( wn, By), (un, By); ( Wiy, WB), (Wi, D)) -
Bs((u, B), (un, Br); (@, B), (Wh, Dn)), (34)
Sl = Sz+ S3+ S4,
Sa= aof(Wu- u, WB- B),(wy,Dy)) - (Wip— p,divw,),

1 1 - - E
S3= & —ZA(JT}lu— u)+ upt - Tfhu— u* . u+ .'(sz;p—p)—
KZ M N

(<X (TB = B) x B),saw +

1 .
Rm UL W+

N
— E(,-'.X Bh) XD}]’

Ss= ai((w, Bi),( Whu, WB), (wn, Dy) -
ai((u,B),(u,B),(ws, Dy)+ (rn,div( Tu- u)).

( [ 13] [ 14])
| S0 S+ B 1) 1 (wn, D) 1l oy (35)
2
| S3l <%K ‘7}1& ”» #AWh+ Nluh- R Rim( X Bi) X D 0,K+
Corh™+ Co lluy N - w)+ (wn— u)-"ullf+
Co Il "> (mB,- B) lI§ <
L6V2}~ Lo+ Lupe wit e L( <X By) x D i +
4 MZ h N h- - h S Th Rum . h h -
Cou ll(wh, Dh) 15+ Cou(h* + K%'+ B2 7). (36)

Green R

(rh, div( Thu — u)) = (un-"wh, Thu — w)— (w - wh+ S, Thu — u)

Si= ai((w, By),(Wu—- u, WB- B),(w, D)) -
ai((TMu—- u, WB- B),(u, B),(wi, D;)) -
ai((wi, D), (u,B),(wn,Dy))+ (" wn, Tu— u)-

(w, wy, + -".rh,, JTLu - u).

(7
| S41 < C(H'+ ) II(wh, D) o WL W (wh, D) Nt
1 : .
S AWL+ TUR® T Wh+ .-'rl,JTlu— u
Z leWh, Wu- u| | <
K /} M K
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CR + W) Wown, Du) o WHIE N 1 (wy, Di) 1+ CBLAZ 2+
2

% §V2 - #Awh+ Nlu/,' R R%n( % B}) x Dy r (37)
Guin = mip 6= Kléi}& (33)  (37)
R 2 _2
mm{MZa R W (wn, Dr) 157 (1= W2Nf Nlx — Cou)+
Lifgv2| - LzAwh+ Lo v - L( < x Bj) x Dh] 2 <
2 M N Ry 0 h
COR + W' 1) 1 (wi, Du) 1l o+
Cour(h™ + K™+ B )+ €k 2. (38)
Su=ah’ Wlflls< 1 1= W2AF I 268> 0, K> 0, Vh <h

Con < 61/2, ()

1 1 .
WAl wy, D) 1154+ 6‘/2[— G = W)+ e (u— ) +

2 /2
<

“(p = pn) - RL( % (B- Bi) x(B- Bf}
m 0 h

COR + B 1"+ San B,

& = ah12<, h/hk < C, (wh, Di) = (Tl'lhu— U, B - B:).

1 1 .
[ll l(u B)- (u',B") 15+ |[8"*|- WA(u— w,) + Ve S(u— up) +
. . 2 7 12
“(p= )= (< x (B~ Bi)) x (B~ B,,)] <
C(R + W' B").
4
Galerkin—Petrov
BabuSka-Brezi s

, . " Galerkin Petrov
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Petrov-Galerkin Least Squares Mixed Element Method for

the Stationary Incompressible Magnetohydrodynamics

LUO Zhen-dong"?, MAO Yun-kui', ZHU Jiang
(1. Schodl of Science, Beijing Jiaotong University, Beijing 100044, P .R . China;
2. Institute of Atm ospheric Physics, Chinese Academy of Sciences ,
Beijing 100029, P.R. China)

Abstract: A Galerkin-Petrov least squares mixed finite element method for the stationary magnetohy-
drodynamics problems was introduced and the existence and error estimates of the Galerkin- Petrov
least squares mixed finite element solution were derived. The combination among mixed finite element
spaces of this method dose not demand the discrete Babuska- Brezzi stability conditions so that the
mixed finite element spaces could be arbitrarily chosen and the aror estimates with optimal order
could be obtained

Key words: equation of magnetohydrodynamics; mixed element method; Galerkin-Petrowleast squares
method; error estimate



