, 28 4 Applied M athematics and Mechanics
2007 4 15 Vadl. 28, No. 4, Apr. 15,2007

: 1006-0887(2007) 04-0479-08 c , ISSN' 1006-0887

Newton

WE®R, HED

( , 200444)

(#1533 5

Newton . Newton s
() . T ikhonov
B akush iskii s
H Newton
0241 DA
1 Newton
qu_ a%[a(x) %—] = flx), (x.1) €(0.1) x (0.T),
w(x,0) = wo(x), x €70, 1], (1)
u(0,¢t)= ro(t), u(lt)= ri(t), t €0, T]
. (1 a(x) :
Bu = algﬂ: (), (2)
S al” u ,
F(a)= B(S(a))=r (3)
(3) )
Fla)= 1", (4)
- el <5, (5)
& 20 : (3 (4 :
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F  Fr chet , Newton , (4)
F/(aS)&L,l= o F(a,?), n 20, aj , (6)
) )
any 1 = an+ &In-
(6) : ; GPST
4, 5= 0.
a(x) L ua(x,t) (1) a(x) = au(x) , a (x)
u (x,1t)
a = ap+ Aap, u' = u, + Au. (7)
(H . Un

OAun 0 0 Aun 0 Oun 0 OAun| _ 0
ot - Ox an Ox - Ox Aan Ox - Ox Aan Ox - '

Aan Aun  OAun/0x

N 5 Aan Aun (San Un
a’ljn, a’U,l aun
3, - a% an 3| = a%{aana—x], (x,t) €(0,1) x (0,T),
o li=0= 0, x €/0,1], (8)
Unle=0= valaz1= 0, t €70, T].
(7) (2)
511,4(), ) aun 0: 2
b= (- SR (9)
Gn(x,1: 8 €) (8 .
i) = [[ ety a%{ f1,(8) &L_(a%_ié] dEd 2. (10)
9
! Un Un 0
[]. 2c.00.0:2 Z-’)ag[&l (E,.)a—@—l} dEe= (1)~ 2oLl
. a(x) . San(0) = &n(1) = 0, ( )
Oun S un( 0
.U a@ =Z2—Ga(0,1; & Q) (% )] &, (E)dEd 2= +O(1) - —ul. (11)
(11) (6) ( [4])-
(11) . G, [4]
() (8 , a7, &
h= I/M T= T/N,M N wh = w(ih,jT)
whi = hi(wjnl— wji), whi= %(wjz— w]lifl)
Whi= gr(uhoi— o), whi= (' ),

(D

doim (il e (al )i (ad)eis (ad)ig= f1V
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i= 1,2, ..M- 1;j= 01 -..N- 1. (12)
. (9 ( ;
n)
_[(cw’+ Joit (@hl)e i+ (@h)e i+ (ah).i] =
—[(6af” wit (Gt )i+ (Gl )w i+ ((Saids)u i),
i= 1,2, .. M= 1;j= 01, ,N- 1. (13)
(13)
AV''= BYV+ E& =01, ...N-1, (14)
V= (hoh o) &= (didy o die), A BB (M=1) x(M=1)
(12) (  a= an). A4, (14
Vil W, G, (15)
= () yxu-1)= A7 (BW+ Ej),j= 0,1, .. N- 1, Wo= 0. dv(0,
jT)/ax
a—%ﬂ ~ —( v+ 4vi— 1h).
(9) ) ba
M-1
L Z4w(’)‘ wi')d, = T - 2Lh(— 3o+ iy i),
j= 12 - N. (16)
n)
Z.5a, = b, (17)
Z, Nx(M-1) ,(17) (11)
3 Newton
(11) Gaun ) (6) )
(17) . Newton (6) .
F:D(F)CX_ Y Frchet , X Y Hilbert F D(F)
Lipschitz
WF (a1)- F(ay I <L lai- a2ll, Va1, a2 € D(F), (18)
L Lipschitz . (6)
a1 = an+ ga(AnAo)An(r = F(an)),  n 20, (19)
Av= F(a)), ga(N . a, £
a,? (6) , , Oy
> Uy , Newton s
P a :
, 51
O<q<a’”l<1,an_'0, n_ o . (20)

O
1992 |, Bakushiskii ~ Tikhonov (6) ,
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abor= ab+ (AnAn+ ald) AL (PP F(dd))+ a(dl- )], (21)
[6-8]
(20) ) , (6)
(0%
a = a,§+ Aay, Aay,
F(ay)han= F (an) Aan, (2)

(6) (22) , Lipschiz  (15), (6)

= F(al)- F(al)na, | <6+ I1F(a" )= F(ad) - F(dl)ra, Il <

5+ L llaa, 112, (23)
laa, I, (6) Gtn= &l G) = ga(AwAu)An (r = F(an))
[l Sa, Il Il Aa, II, M orozov l3J, O :
WF (al) () - (r°= F(adl)) Il = 18+ el &an(an) 112 (24)
c1 >1, ¢ 2L/2.
n (24) \
[ 9-10] (6) ,
(AnAn+ o 1)8al = Ay (r°= F(dl))+ oV&li™V, 21, (25)
=0
(i . .
{a,{)}]% . ,J = Jn
W (an) & = (r°= Flan)) | eid+ e ll &7 117 (26)
: Gin= G, ami= ah+ San. (26) j :
[91
= F(ad) Il > a6 (27)
2 jnr ” jn > 0
Newton Morozov (31 n= n(8 = n(§,
r6)
||F(a,?(a))— Pl Kess< NF(ad) - 1, Vn< n(f) (28)
, 2o, arﬁl(a) (4) . (28) ,
n< n(8 (27 \ (26)
4
(17, (25)
(Z3Zo+ 1) &y = Zibd+ &, 21, (29)
& = 0.
I Z,&a - b5 117+ o) 16/ - &PV 12 = min, j 21, (30)
&al¥ = 0.

, . (30
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I Z,&a — b5 12+ o) NPy e’ — @ Y) 117 = min,

j 2LEk=012 (31)
Py, P , ,Po=1. E1 2
By Y (31
(Z2Z,+ a1+ BYPIP + Y/PIP)) &'/ =
Zwbo+ (alI+ BYPIP+ YIPPy) &l Y, (32)
2 -1
-1 2 -1
rir= L -
-1 2 -1
L -1
5 -4 1 T
-4 6 -4 1
P3P2:#‘1_4 6 -4 1 ’
1 -4 6 -4
L 1 -4 5
ai By vy , (30) k=0k=1 k=2 j
= Ja (26) . , Tikhonov Bakushiskii
(Z\Zo+ al + BPIPi+ Y,PiP>) &, = Z'b, (B)

(Z,};Zn + anl + Bnl)'ll‘l)l"‘ YILP%‘PZ) &ln =
Zibi+ (al+ BPIPi+ Y,PiPy)(a,~ a), (34)
6w B oY) (20)

5
, Tikhonov Bakushiskii ( Newton
GaussNewton l6J) . T=1M=20 N = 40,
h = 0.05 T= 0.025.
1 (1) Lf(x.t)= 25— 2 uo(x) = x5 ro(t)= Ori(t)= 2t+ 1, (2)
r(t) = 2i, (1) w(x, t) = x>+ 2at, a = 1.
2
- 2% — 2t - 20, x €/0,1/2],
F =6 s 2e x € (12 1],
wo(x) = x5ro(t)= O,ri(t)= 2t+ 1,r(t) = 2t. (1) w(x, t) = x>+ 2ut,
(3)

. _ )10+ «, x €70,1/2],
@« =\l . €qv2).
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ro(t) = r(t)+ J2 Ssinl0 T, t €/0,1/, (35)
o= rll, =8 68=0 , , ( (28) )
WF(ans)- rll K10%< WF(a,) - rll, Vn< n(d). (36)
1 1 3 n= n(d) lal= a1
ad= 1+ 4x(1- x), lai— " Il = 0.7295
6 T B
cy= 10 =1 =01 ¢ = 0.01
a # * 0.026 54( 12) 0. 23 55 6) 0.022 19( 5) 0. 020 42( 4
10-3 B 0.004 50( 5) 0.004 33(5) 0. 007 40( 4 0. 007 18(3) 0.005 20(3) 0. 005 60( 3)
Y 0.007 93(7) 0.008 65(7) 0. 008 08( ) 0. 007 73(4) 0.008 04( 3) 0. 007 93(3)
a * * 0.022 16( 16) 0.021 97(8) 0.021 73(5) 0. 020 53(4
10-4 B 0.002 8&(7) 9.207E— 46)  0.00481(7) 0. 003 68(4) 0.003 61( 3) 0. 008 57(3)
¥ 0.003 82(8) 0.004 09( 8) 0. 004 38( 6) 0. 004 44( 4) 0.004 46( 4) 0. 002 44( 4
a # * 0.021 81(21) 0. 022 10(9) 0.021 38(6) 0. 028 68(5)
1073 B # 2274E- 47)  0.00223(8 0. 002 34( 5) 0.001 72(5) 0. 002 14(4)
Y 0. 001 76( 10) 0. 001 86( 10) 0.002 14(7) 0. 002 01(5) 0.002 15(5) 0. 001 14(4)
a * * 0.020 48(92) 0.021 51(37) 0. 019 40(28) 0.003 92( 13)
0 B 2.176E- 4(16) 4.564F- 4(10) 5.780E- 4(20) 3.M3E- 4(13) 3.500E- 49) 2. 824F- 4(8)
Y 2.946E- 4(17) 2.985E- 4(17) 5.436E-4(15 3.912E- 4(10) 3. 08E- 49) 4.858E-4(11])
2 2 3 n= n(d) lal- a1
af= 10+ 8x(1- x), llaf- o Il = 1.17351
6 T B
¢, = 10 =1 = 01 ¢, = 0.01
a 0.097 70(5) 0.104 57(5) 0.211 97(28) 0.200 19(9) 0.187 36(5) 0.135 23(3)
10-3 B 0.036 01(5) 0.036 22( 5) 0.042 30( 10) 0. 043 14(5) 0.035 9(3) 0.036 11(2)
Y 0.035 74(7) 0.038 12(7) 0.048 32( 12) 0. 050 34( 6) 0.034 2(3) 0.03577(2)
a 0.072 15(6) 0.088 98(7) 0.100 53(45)  0.10699(15) 0.107 90(7) 0. 079 38(4)
1074 B 0.033 &(6) 0.032 90( 6) 0.034 06( 14) 0. 033 99 6) 0.034 08(3) 0.034 31(3)
Y 0.028 68(8) 0.029 10(9) 0.028 64( 16) 0. 028 8% 7) 0.028 78(3) 0.029 11(3)
a 0.040 57(9) 0.040 55(9) 0.070 51(81)  0.07040(18)  0.06951(12)  0.067 24(5)
103 B 0.032 36(7) 0.029 49( 8) 0.032 05( 18) 0. 032 19( 8) 0.029 41( 4) 0. 029 43(3)
¥ 0.028 61(9) 0.028 1610)  0.028 8(19) 0. 028 80(7) 0.028 60(4) 0. 028 58(3)
a 0. 086 13(16) * 0.03581(373)  0.03679(74)  0.0369842)  0.037 95( 14)
0 B 0. 027 30(12) 0.0269515)  0.027 32(67)  0.02732(25)  0.0272911)  0.027 03(7)
¥ 0. 026 70( 18) 0.02670(18)  0.028 39(53)  0.02838(24)  0.0273512)  0.026 75( 10)
1 2 lad— a" |l .3 , “T
7 “B 7 Tikhonov Bakushiskii , (26) c1
1, ¢ 4 . 6> 0 , (28) c3= L 1. 2

13 a” a= an ¢ O, B — Bn - Y= Yn - 0, « B”u Y”
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a Z0 , ai= 01 aui/a= 0.1(n 21),  (20)
(2) . aif #0 d’ =01, dva’ =015 21, B ¥
lad— a" I, () n=n(6, * -
I a%— a , 3 4, a?)
lao- a" Il , ¥ #0
3 1 3 n= n(d) Mal= a” Il
at ° ! B c,= 10 =1 c,= 0.1
1+ 10x(1= x) 10 0. 007 86(8) 0. 007 10(9) 0.007 49(8)  0.007685)  0.009 06(6)
(1.823 €5) 0 4. 608E— 4(21) 4. T4TE- 4(20)  0.00100(27) 9. 42E- 4(16) 3. 545E— 4( 16)
1+ 30x(1- x) 104 * 0.01547(11)  0.01457(14)  0.014 84(8) *
(5.470 94) 0 * # 0.002 59(48 0. 002 05(31) #
1+ @x(l- x) 104 * * 0.01649(22  0.01537(16) i
(10.941 ) 0 # * 0.004 40( 68) 0. 003 07(46) s
4 2 3 n= n(d) lag- o |l
al 8 T B
c2= 10 =1 c2= 0.1
10+ 100x(1- x) 1074 0. 047 01(10) 0.05112(10)  0.05523(60) 0.05439(23)  0.052 62(9
(17.950 2) 0 0. 025 24(21) * 0.029 07(199) 0.029 03(103)  0.027 90( 28)
10+ 500x(1- x) 104 * * 0.17558(129) 0.17334(61)  0.141 28(17)
(90. 8% 04) 0 * * 0. 066 05(741) 0.06609(211)  0.060 41(76)
10+ 1000x(1- x) 104 * * 0.16199214) 0.15095(110) 0. 122 69(27)
(1. 820E+ 2) 0 * * 0. 097 20(915) 0.095 78(270) 0. 085 90( 89)
6
1) (24) c2 2 L/2,
co, c2 ) , c2
2)3 , BZ0 Yy #0 aZ0 ; ,BZ0
Y Z0
3) San, 1 &b (T
B ) - )
31 T B
4) 3 , ,3
, ( ) )
T B , ;



486

(2]
(3]
(4]

(5]

(6]

(9]

[10]

(11]

[ ]

Bech J V, Bladkwell B, Clair C St Jr. Inverse Heat Con duction : Ill-Posed Problem s [M] . New York:
Wiley, 1985.

Groetsch C W. Inverse Problems in the Mathem atical Sciences [ M]. Braunschweig: Vieweg, 1993.
Engl H, Hanke M, Neubauer A. Regularization of Inverse Prolems[ M]. Dordrecht: Kluwer, 1996.
HE Gue-qgiang, Chen Y M. An inverse problem for the Burgers' equation[J]. Journal of Computa—
tional Mathem atics, 1999, 11( 2): 275-284.

Hansen P C. Analysis of discrete ill-posed problems by means of the L~ curve[ J] . SIAM Review ,
1992, 34(4): 561580.

Bakushiskii A B. The problems of the convergence of the iteratively regularized Gauss—Newton
method[J]. Com put Maths Math Phys , 1992, 32(9) : 1353-1359.

Kaltenbacher B. A posteriori parameter choice strategies for some Newton type methods for the regu-
larization of nonlinear il-posed problems| J]. Numerical Mathem atics, 1998, 79(4): 501528.

Bauer F, Hohage T. A Lepskij-type stopping rule for regularized Newton methods[J] . Inverse Prob-
lems, 2005,21(6): 1975-1991.

HE Guorgiang, LIU Lin xian. A kind of implidt iterative methods for ilk-posed operator equations| J] .
Journal of Computational Mathematics , 1999, 17(3) : 275-284.

HE Guo-giang, WANG Xinrge, LIU Lin xian. Implidt iterative methods with variable control parame-
ters for ilkposed operaor equations| J]. Acta Mathem atica Scientia B, 2000, 20(4): 485-494.
Groetsch C W. The theory of Tikhonov Regularization for Fredholm Equations of the First Kind
[M] . Boston: Pitman, 1984.

A Newton Type Iterative Method for Heat-Conduction
Inverse Problems

HE Guo-giang, MENG Ze-hong
(Department of Mathem atics, Shanghai University , Shanghai 200444,P.R. China)

Abstract: An inverse problem for identification of the coefficient in heat-conduction equation is con
sidered. After redudng the problem to a nonlinear ill- posed operator equation, Newton type iterative
methods were considered. The implicit iterative method was applied to the linearized Newton equa-
tion, and the key step in the process was that a new reasonable a posteriori stopping rule for the inner
iteration was presented. Numerical experiments for the new method as well as for Tikhonov method
and Bakushikskii method are given. And these results show the obvious advantages of the new method
over the other ones.

Key words: inverse problems; nonlinear ill-posed operator equations; Newton type method; implicit

iterative method; iteration stopping rule



