Applied Mathematics and Mechanics
2007 6 15

Vol. 28, No. 6, Jun. 15, 2007

: 1006-0887(2007) 06-0651-08 , ISSN' 1006-0887

(1. , 150001;
2. s 510275)
(ESUEE X372 % )
) R Laplace
Fourier Fourier s ; Fourier
s H Bessel R
Abel R Fredholm s
0346 DA
,Wang[ 21 Zhoul ¥ pakt?
5
Khutoryansky Sosa”!
.18 Chen!”
xOy ) )
Oj = cijmu¥u — ewkr, (1)
Di= ewm¥u+ €k, (2)
cij e § . G Yy s Di Ei
( )
2005-16-18; 2007 03-30
(1963—), , 5 R ( .Tel: + 86-63F5687556; Fax: + 86-

631-5687212; E-mail: bianw{@ 163. com) .

651



652

1
Vi= Slwit wig), Bi=- %

u; = ui(x,y:f) 5 P= cp(x>y>t) ’ xy t

Gi.i= R, Djj= 0.

() (2 (3 (4,
cn%+ CM%+ (e+ 044)%+ (e1s+ 631)852_;:: Q.
633882_;2,,_4_ 044882 >+ (ci3+ cm) aaza + e15%2c5+ €3 222 = M,
633882_;2,_4_ 6158822 + (eis+ e31)a a 11%2—2 &3 gzz = 0.
W= u(x,y,1t) ®= Fx,y, 1)

Dlx,y, 1) X(x, ¥, 1),

oo 0e 0w 0o o oy
e = ax+ay’uy_ oy  Ox’ Oy Ox°
(6) (3) Plx.y. 1) Xj(x,y.t) ,
2
A]aaii-i— B%_-Ciz_ '.('P j: 1927
X, X i 0 .
€ axé 0 21— axq2?+ V] ay?a j= L2

A1 = ci(emn&i- e1583) — (ei5+ e31)[(2c4+ c13) €1+ e15(2ei5+ e31)],

Az = (en€i— ei5&3)(cu— c3— cu)— (eis+ e3)(cu&3+ eisen),

= (2cau+ c13)(e33€n— es€n)— (es+ ea)( cn€n+ exners),
By= cu(ex€i— e15€3)— (eis+ e3)[(cn— c3— cu) &+

(exn— eis— e3)emn/,

= [(e33— ei5— e31) €ii— ei5€3]P, Ca= [en€u— (2ei5+ e31) &3] P,
U= 2eis+ e31, Vi= exn, lh= e15, Vo= en— eis— e31-

, (73) A1 By C
. AL B G . . (7a)
(6) (3) (1) (2
Y_azcn O’ P 0 Y_252®+52@_52@_
T 0x? T Ox0y” YT ayz axay T T 0x0y ay2 ox?’
8X1 azXz 5X1 aXz

Be==avayt 0 BT 97t dxoy
. [ta 2o 2o oo X 0K,
W= Ox? * axay toen 5y2 - axay e ayz B axay ’

L (e 2e)l (e 2e] (2 2
W= Bl g2 * Ox Oy *oew ayz ~ OxOy *oen ay2 ~ OxOy|’
azcbl T D ’X, X,

R A R ) M e |

(3)

(6)

(7a)

(7b)

(9)

(10)



I 653

la e o
Dy = el{ 5x8y+ ay o0l a{ x}
D {a o 9 @z} {@ 7 © ~ { X1 azXz} (1)
y = e3l ax2 + ) + e33 5y2 axay €33 a axay
, ) (7)
B, y, 1) Xj(x,y.1), (6) (8) ~ (11) : ,
. (7) (6)
(1) B(x,y,t) Xj(x,5,1), (6)
W= u(x,y,t) P= Px,y,1t) (5)
2 1
, [ X ., L=
2a, . ,
, 1/4
Oy (x,0,t) == OH(t), Oy(x,0,¢) = 0, 0< x< a,t> 0, (12a)
Dy(x,0,t) =— DoH(t), 0< x< a,t> O ( 12b)
w(x,0,¢) = 0, Gy(x,0,¢) = 0, x> a,t> 0, (13a)
®(x,0,t)= 0, x> a,t> 0 ( 13b)
Oj(x,y.t) =0, s> 0, (14a)
Di(x,y,t) =0, > 0 ( 14b)
, H(t) Heaviside .
wi(x,y,0) = u(x,y,0) =0, (15a)
®(x,y,0) = ®(x,y,0) = 0. ( 15b)
D(x,y,t) Xj(x,y,t) Laplace , (7) Laplace
, (15)
AjaZCD’ + B,»aijg = G, j= 12 (16a)
Ox’ Oy
2% 2 2
e”aaxg + eggaa);g = U,-aa?z + V,»aa;% . j= 1,2 ( 16b)
¢ , LIERNY
= D= x,9,t), D(a,y,t) == B(= x,y,t), Xi(x,y,¢t) = Xi(= x,9,¢t), Xo(x,y,1t)
=— Xo(- x,9,1). Fourier , (16) j=1
Fourier ,j=2 Fourier
az
B; az—(Ajs+ij) =0 j=12 (17a)
833&;— ens2x] = A= Bil)s'+ C"V"”zqnf, j=1,2. ( 17b)
Oy B
(17), . W (s.y.p) Xi (s.7.p)s
{@ (s.y.p)= Fi(s.p)e 7, .
oy j= 12 (18)
Xj (s.y.p)= G(s,p)e ™+ Hi(s,p)F;(s,p)e 7,



654

9= 4>+ Cp*)/B. A= JensVen Hi(s.p) = (V- Us')/ (s i~ ens),
Fi(s.p) G(s.p) :
(18) @ (s,y,p) X (s,y,p) Fourier , @, (s,y,
p) X2 (s,y,p) Fourier

@ (x,y.p) = %_[O Fi(s,p)e " cos(sx)ds,
L (19
® (x,y,p) = E.[o Fafs,p)e sin(sx)ds;
X1 (x,y,p) = %L[G(s,p)e_)y+ Hi(s,p)Fi(s,p)e 7 ]cos(sx)ds,
* L . b ()
X2 (x,y,p) = EJ.O[G(s,p)(; "+ Ho(s,p)F2(s,p)e 2 [sin(sx)ds.
(12) (13) Laplace
Op(x,0,p) == Go/p, Oy(x,0,p) =0, 0< x < a, (21a)
D: (x,0,p) == Do/p, 0< x < a; ( 21b)
u; (x,0,p) =0, 0;},(90,0,[)) =0, x> a, (22a)
¢ (x,0p) =0, x> a. ( 22b)
(6) (8~ (11)  Laplace (19) (20) ; ,
0;/(96,0,]7): 0,— o0< x <+ o
OH (s.p) Fi(s.p) + sHo(s.p) Fa(s.p)
G(s.p) == A os -
cuf 2501 F (s, p)+ (D+ Y Fa(s,p)] ()
615(8)\+ sz) )
wy, (x,0,p)=0 9 (x,0p)=0,x> a
JO[Q1F1(s,p)+ sFof s, p)Jcos(sx)ds = 0, x> a, (24a)
J‘O[()\+ s)G(s,p)+ OH(s,p)Fi(s,p)+
sHo(s,p) F2(s,p)]cos(sx)ds = 0, x> a- ( 24b)
(3) (24b) , (24a),
'[O[®1F1(s,p)+ ﬁ)%s_le(s,p)]cos(sx)ds: 0, x> a. (25)
0;}-(x,0,p)=— Go/p D; (x,0,p) == D¢/p,0< x< a, (23),
e JT O,
JO[Tll(s,p)Fl(s,p)+ Tw(s, p)Fa(s, p)]cos(sx)ds = 2_p(),
0 Do
JO[TZI(S,p)Fl(S,p)+ T2(s,p)Fa(s, p)]cos(sx)ds = z,
0< x < a, (26)

Tu(s,p) = (cns’= cnh)— en( Wi— G NMH (s, p)+ 2 J€1E3 casenerssw,
Tifs,p) = (cri— cn)s@— ens( - NHos.p)+ €163 cuenels( S+ s7),



I 655
Tu(s, p)= (ens’— exs®i)+ en( O1— G MH (s, p)— 2 JEn Excuels soy,
To(s,p) = (es— exn)sh+ Eas( - MNHos,p)- | &1 Excuels ( D3+ s7).
(24a) (25) (26) Fj(s.p)-
g1(57 P) = wlFl(Sv P) + SFZ(S’p)7
. - (27)
g2s,p) = 9Fi(s,p)+ s Fofs,p),
2 2
_ sTga(s.p)— 9gi(s.p) _ sgi(s.p)— sga(s.p)
Fl(saP) - wl(SZ_ C%) 2 FZ(SaP) - (SZ_ w%) (28)
cos(sx) = JTas/2) 1/2(sx) (27) (28) (24a) (25) (26)
.:J_sgl(s,p).lfl/z(sx)ds =0,
oo x> a; (29)
. Lsga(s.p) Lvaf so)ds = 0,
>
J S[mugi(s,p)+ mizga(s, p)]I-a(se)ds = Tiofx),
oo 0< x < a; (30)
J 52[m21gl(s,p)+ m22g2(s, p)JJ-172(sx)ds = T2 x),
Jv(sx) V. Bessel ;
Jmo JTD, Tio(s,p) s — Tu(s,p) 3
Two(x) = @;, To(x) = J_?;’ mit= mii(s, p) = = 515(32— w%I)IJ—Sp 2,
miz(s,p) = Tu(s,p)s— Ti(s, p) ™ ma(s,p) = Tun(s,p) Dis— T21(s,p)®§
P o(s? - 3)[s | P wis(s* = @) s
ma(s, p) = Tu(s,p)s— Txn(s, p) 0)1.
’ o(s’ = w3)fs
o [ ol -1
ti(x) = Tiolx) + J-o 32_ [X[j J; - mu| gi(s,p) -
mig o S,p)] Jvafsx )ds,
_ _ (31)
o0 PARL 1
t2(x) = T20(x) + J:) sz_ [X[A_i J; - m22 g2(s,p) -
maig 1 s,p)] Jvafsx)ds,
( ) (31) (30)
o ¢
fo Sgi(s.p)lva(so)ds = ni(x) X 5L lp.
- PARL 0< x < a. (32)
| s p)Lintsias = o) x R




656

gi(s,p) gs,p) P(&p) D(Ep)

g(s.p) = ﬁ;'““jJiﬁ(épxw«xﬁadé (33)

P& p) b(Ep)

lim &'9(& p) = 0. (34)

Bessel (8]

..ooJx(rE_,)Ju(bi)il”L)‘dé: 0, 0< r< b, (35a)
I E e TR oy b
Nre)Ju( bg) = 2Arl~Llr)\F()\ ) < b< T, (135b)

r(z) r , A> B> 1. (33) (29)
2 0o
], J_sgg(s,p)l- va(sx)ds = J;_ZJ: JEB(E p).[0 s Tya( sa&) L 12 sx ) dsd &,

(35) , . (29) . Bessel

)] = 2 ().
(33) s (34)

g(s.,p)=- 255/4 (1, p)lsa(as) -

[(as& 4 satast) dg[ﬁf’? (Eh(E p) } z}

( E_,)y4
(32), (35) , Abel
adj) s Wa _
li(x) = (26}(-)]/41?)3/];!(_1/4) 0 (23— (llzgz)w dig[g (g p)1dE
0< &< x/a. (36)
Abel o

(2G)"*% 3/2r(1/4) %/ a 1 d -~
h(x) = (o) S li(x) = L (2= D) 4Els (g p))dE

r(§) = "—M“‘ — 34 dj (a*2— x%) Vi%h(x )dv = dg[E_, A p)],

& VY12 J_t,(x
HEp) = x[ﬂ J;

p o e (37)
(3D) (37),
Bl C EL} 1/4 23/4 3/21;:1/2)
aAj JT ’

st iflelro P )



I 657

mlzgz] I Vz(sx)dsh \[(aé)z- xzjw}dx. (38a)
(38a) ,
I;xv”Jv(sx) #z 2" a)s Y Ve v(st),  T(1/2) = JU,  (38h)
Fredholm

/4
;—JI;{%‘J b(E p)+ J:)[Kud’l(r],p)+ Kin®(N,p)jdi= 0.454a"*E"q,,

As ()

4
;_JE[E] b(E p)+ J:)[K21¢1(Ilp)+ Kn#(M,p)Jdi= 0.454a"*E" Do,

2

, Kj

(*oo

Ku(s p)= 0.4894> JE.O sfmu(s,p) -
(X(C/A)Y*  Jp)7 Y Ja( 5aB) Jya( sal) ds,

Ki(& p)= 0. 4894° erl.:smlz(s,p).ll/zx(sag) Jiza(sal)ds,
Ka(& Np)= 0. 4894° @.:smzl(s,p)llm(sag) Jiza(sa)ds,

(*co

Kn(§ Np)= 0.489q° @.0 s[mn(s,p) -
(X(Co/A2)"* T p)~ "] Disa( sa&) Jya( sal) ds.

(39) ,  Matlab , b by
[11].
[12]
, [12] ;
) 3 ;
, Laplace Fourier ,
; [ .
) Fredholm

(HIT. MD. 2000. 35),

[ ]

[1]  WANG Biao. Three dimensional analysis of an ellipsoidal indusion in a piezoele ctric material[J]. In—
ternat J Solids Struct, 1992, 29(3): 293-308.



658

[2] WANG Biao. Three dimensional analysis of a flat elliptical arack in a piezoelectric material[ J]. In—
ternat ] Engrg Sci, 1992, 30(6): 78 F791.
[3] ZHOU Zhenr-gong, SUN Jian-liang, WANG Biao. Investigation of the behavior of a aack in a piezo-
eledric material subjected to a uniform tension loading by use of the non-local theory[J] . Internat J
Engrg Sci , 2004, 42(19/20) : 2041-2063.
[4] Pak Y E. Crack extension force in a piezoelectric materia[J].J Appl Mech , 1990, 57(3) : 647-653.
[5] Khutoryansky H M, Sosa H. Dynamic representation formulas and fundamental solutions for pieze-
eledricity[J] . Internat J Solids Structures, 1995, 32(22) : 3307-3325.
[6] , . [J]. , 2001, 23(3): 326-328.
[7] Chen ZT,YuS W. Anti-plane Yoffe crack problem in piezoeledric materials[ J]. Internat J Frac-
ture, 1997, 84(3): L4FLA45.

[8] Erd lyi A. [M]. , 1958.

[9] , . M]. , 1979.

[10] . M]. , 1988.

[11] . [D]. . : , 2006.

[12] . . [J]. ,2004, 25(3): 228
232.

Dual Equations and Solutions of | -Type Crack of
Dynamic Problems in Piezoelectric Materials

BIAN Wen-feng', WANG Biao®
(1.Postdoctoral Flow Station of Materials Science and En gineering,
Harbin Institute of Technology , Harbin 150001, P. R. China;
(2.School of Physics and Engineering; Sun Yat-Sen University,
Guangzhou 510275, P.R. China)

Abstract: Firstly, basic differential equations of piezoelectric materials expressed in terms of the po-
tentia functions, which are introduced in the very beginning, were worked out. Then these equations
were primarily solved through Laplace transformation, semi-infinite Fourier sine transformation and
cosine transformation. After that, the dual equations of dynamic aacks problem in the 2D piezoelec-
tric materials were founded with the help of Fourier reverse transformation and the introdudion of
boundary conditions. Finally, according to the character of the Bessel fundion and by making ful use
of Abel integral equation and its reverse transform, the dua equations were changed into the second
type of Fredholm integral equations. The investigation indicates that the study approach taken is feasi-
ble and has potential to be an effective method to do research on issues of this kind.

Key words: piezoelectric material; dynamic crack; potential function, coupled integral equations; inte-
gral transformation



