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O — cz(amu+ Opu)= 0 (x,y.1) €u C R’

Hamilton [F2,
MOz + Ki0.z+ KyOyz= "S(z), z € R,
: M K, K, € R™ (  ):S:R TR ,  Hamilton
(1) (2 :
v = a;u, w = axu, p = ayu,
(1)
- 0w+ 0w+ czap =0 Ou= v, - ¢2Ovu = — czw, - czayu =- czp.
zZ= [u,v,w,p]T € R4,
0-100 0 0 ¢ 0 0 0 0 ¢
leooo’Kl_ 0000,1(2_ 0 00 0
0 000 -0 0 0 000 0
0 00 0 0 0 -0 0 0
Hamilton
S(z) = %1}2— %cz(w2+ pz).
(2) . (2
(CLS)
0:0+ Oxki+ Oyk2= 0
w ky ko Ll
0= Tde A Mz, ki = Tdz A Kidz, k2= Fdz A Kadz.
(1), :
Ou(dv A du)+ ¢*[0.(du A dw)+ Oy(du Adp)] = 0.
(2) (ECL) (MCL) .
: 0+ Of 1+ Of 2= 0, e=S(z)- (1/2)7'(Kid.z+ K:0,z),
(1/2)2' K10z, f2= (1/2)2 K:0iz -
(1, :
85(122— C2w2— chZ_ czuaxw— Czua_}])+ czaxuw + Czaqu))+
czax(— wOu + ulw) + czay(— pO .+ ua)p) = 0.
2
(2 : ;bthi+ (g + 0yg) = 0,
hi= (1/2)2'M0.z, ha= (1/2)z'M0,z, g= S(z)- (1/2)z' M0, z.
(1, :

Oufv(Ou+ Ow)— u(Ow+ Ow) ]+
(0x + ay)[1)2+ wow— c*w’- czpz— vou] = 0.

Hamilton

B

(3)
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dz

= dH),
z Z= (p,q)T,J Jacobi
Hamilton s
H(z)=H(p,q)= Up)+ V(q)-
, Hamilton
g[p]: JM [f(q)]
dilg vl Lg(p)l’

[41.17,

0 0 k k
(P,Q)=(p.,q),
Pl = Py Ate f(Q),
Qi+1: Ql+ Af[il+]g(Pl),

m m k+ 1 k+1
(P°,Q" )= (p .q ),

At s e; d;

dpk+l A qun: dpk A qu’
, (9 m  Runge- Kutta

Zhe1= Zh+ fz;g:&Jﬁ"Yf(kJ,

ki= z+ h Dpid “H(ki),
j=1

h ’ b; oy [ &10]
(11) :
biai,_;+ bjaj,i— blb] = 0, Vi,j-
, 3
, (3)
d _ d _
LT Qg e
d d
dyP = R gu=p.
(12a) i . (12b)
T Q R

T- Q- R = 0.

r Runge-Kuta

Hamilton s

[810]

(8)
O —
- [1 j,H(z) € C”(R’) Hamilton

Hamilton

(9)
i= 01,2 «..m- 1,
(10)
i=012 ... m- 1,
(11)
1,2, -, m,
ZTZ at’l),QZaxw Rza}p'
3
(12a)
( 12b)
(12¢)
s (120) y ’
(13)
(12), (10) (11)

¢ (124),
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s [ x y
R 3 n n+ 1 , At
> Ay y
(1) (129)
ij,] = U:I,] + At Zak, mT?,Lj; k= 17 2> ey Ty
U=+ at Dan Vi), k= 12 r,
m=1
vn;jl = v?,,-+ At meT?’lj’ u'}:rj] = u?,j+ At _Zl:me?}j,
(14) :
duf' A do' = dul; A dofy S m
. VR L _ me(dUT’j A dTT).
(10) (12b)
: k k
Wftl,j = wll,ja L/fl,jz u/ll,j;
Wi'r,j = W?—Lj‘l' A.xeiQiF_l,j, = 17 29 5 S,
Iafltj = Ufﬁ_ l,j + AxdiWir— 1,j7 L: 17 27 ey S,
wfinl,j: Wf,j, uﬁ+1,j: Uiﬁ,j,
(16) :
k k k k 1
dun i N\ dwn '—dn,'/\dn,‘ : A
e Lj 2 Qe L= Qlin] D Q00T > o (d U A dQE ),
Ax m=0
(100 (12¢)
Pﬁn:pﬁn; Uﬁn: uén;
Pﬁjz W§j71+ AerjRﬁijfl, ] = 1,2, ... 1
ljt('c,j = Ué;,j71+ Ax{ijpf,jy J = 17 23 Tty l)
pf,n+1= Pf,l, uf,ml: Uf,z,
(18) :
k k k k =1
di,n /\ i, n- —di,n/\di,n
Wi, n+1 dpi n+ 1 u Din _ Z?fm(dlf;,m/\dQ?,m)-
Ay m= 0
Tij - ¢*Qi - ¢Rij= 0.
(3)

(14 (16)  (18)  (20)
O(M% )+ O(Ax )+ O(AY).
(13)
de,j— cdeﬁj— CzdRﬁj = 0.
(15 (17) (19 (21
du'ff,-l A do - dui; A doi;

i ]

s—1 I-1
z:z:e 18+ 1
= H J+ Al

i= 0 j=

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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r Ll k k k k
2 o dune 1 A dwnetj = dunj A dwn,j
c e +

k=1 j=0 Ax
s—1 r k k k k
dui o1 N dpine1— dui o A dwin
2 ot . . .
¢ > Dpib A : (2)
i=0 k=1 y
s 1 =1 s—1 =1 r -1
s ZeH]: 1 EAIﬁﬁl: 1 Zz I"3z‘+léj+1: 1, P Zzbk/éﬂ]
=0 f=x =050 =T,=0
s1 r
1 Deiibi= 1, (22) (7)
S0 =T

(22 r=s=1=1,
Out— ¢*(Outt + Opu) = 0
(12).
(12a)

e+ 12 k 1 2
Va /2 1/2= Vi v2j1/2+ zAtTi+l/2j+l/2,

k+1/2 k
Uwl/2j+ /2 = Wi+ V2 j+ V2 +

At k'+]//2‘ 172
7 Ui+ 1/2 j+ ) (B)

k+ 1 k k+ 1/2
Vi l/2p01/2= Vi /24172 AlfTi+ V2j+1/2,

k1 k k+ 1/2
Ui 1/2 j+ 172 = Wi+ V2, j+ 172t Aw iy 1/2,j+ 1/2,

et 1 et 1 I k
duisvojpve N dvicvojevo— duwivojeys N dvivyojeva

At
V2 k12
dUs 212 NATEVS 1. (4)
(12b)
k k k k k k
wir1j = wij+ MQij, wii; = uij+ Axwisj, (25)
dufy i) A dwhij— dub; A dwi; k k
—1 IR “L = duiy A dOL (26)
(12) :
k k k k k k
pijer= pijt NRij, wijer= wij+ Mpijet, (27)
k k k k
duij+1 A dpijr1— dui,; A dpi.j A k
- DLl S PR gk A dRES (28)
Ay
(23) (28) T Q R (2)
1k k k k k
Vi — Vi 5 Wit Lj — wij 2Dl P
- C - C =
At Ax Ay ’
b
i T Wi ke 12
i ()
V2 kU2 k+ 12 b 172
virhj= wijTo_ o ket Wk UAjel= weVdj o wn
Ax - i+ Js Ay = piV2j+ ’
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W= (ul e ul) /2 WV = (Wi ey ubova)/2 = (uithy + dlS e i+
ut;)/4
v w p 9x 3
i ub 12 je 12+ Uk vaj-vat ubimjnt ubvajovo) =
—'2§( Pl 2k uf) + —'2§( uit e 2ub i+ ), (30)
: 6 , SOl = (- 2ul i+ ub;)/(Ax7)
1 (1, :
u(x,v,0) = darctane ¥V (‘BB”, u(x,y,0)1,=10 (x,y) €D,
u(0,y,t) = u(a,y,t) = u(x,0,t)= u(x,b,t) =0, t> 0, (x,y) €ED.
(1) c= 1, (30) D: [~ 40,10] x [~ 10, 10]
At = 0. 01, Ax= 0.2 Ay = 0.05 s ,
) (1) t=1 1=30 .3

1 1 = 1 2 t = 30
1x 10_7 T T T T T
[
5x 1078 -
W
;}é
% 0 1 -
~5%x10°8 ! 1 1 1 1
50 100 150 200 250 300
t/s
5x107° T T T T T
RS 0
W
K -5x10"¢ 1
b
®_ 1x10°3 .
~1.5x107° 1 1 L L )
0 50 100 150 200 250 300
t/s
3 [ 0,300]
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(J6/4) x+ (J&/ 4 y

u(x,y,0) = 4sine u(x,y,0)1,=10

u(0,y,t) = u(a,y,t) = u(x,0,t)= u(x,b,t) =0,

(x.y) €D,

t> 0, (x,y) €ED.

(1) c= 2, (30) D:[0,50] x [0, 20]
At = 0.02, M= 0.1 Ay = 0.025 , . 4
5 (1) t=15 1= 45 , 6
t/s
2x10°7 T T T T T
;;; 0
o
m 7
R -2x1077f 1
—4x10’7 1 1 1 1 1
50 100 150 200 250 300
t/8
6 [ 0,300]
1 2
; , ; 3 6 t €
/0, 300/ 10 ° ,
300s
. [11]
, 1. (30)

10 ,
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2.351 667 309 2
3.004 195 217 37
0.279 335910 &2

0. 760 608 375 91

2. 351 667 309 29
3.004 195 217 11
0.27933591073

0. 760 608 375 80

3.834 547 250 51
0. 941 002 739 58
1. 339 470 506 63

1. 670 850 640 07

3.834 547 250 57

- 0. 941 002 739 90

- 1.339470 506 71

1. 670 850 640 10

(1]

(3]

(4]

(6]
(7]

(8]

(9]

[10]

[11]

[ ]

Bridge T J, Reich S. Multi symplectic integrators: numerical schemes for Hamiltonian PDEs tha
conserve symplecticity[ J]. Phys Lett A, 2001, 284(4/5): 184-193.

Moore B E, Reich S. Multi- symplectic integration methods for Hamiltonian PDEs[ J]. Future Gener—
ation Computer Systems, 2003, 19(3): 395-402.

Bridges T J. Multi-symplectic structures and wave propagation [ J]. Math Proc Camb Philos Soc,
1997,121(1): 147.

Reich S. Multi symplectic Runge-Kutta collocation methods for Hamiltonian wave equations|J] .
Com putational Physics, 2000, 157( 2) : 473-499.

Izu Vaisman. Sym plectic Geom etry and Secondary Characteristic Qasses [M]. Boston: Birkli user,
1987.

[M]. : , 2006.

HONG Jialin, LI Chun. Multi- symplectic Runge- Kutta methods for nonlinear Dirac equations[ J].
Com putation al Physics, 2006, 211(2): 448-472.

SUN Jian-giang, QIN Meng zhao. Multi symple ¢tic methods for the coupled 1D nonlinear Schi- dinger
system[ J] . Com puter Physics Communications, 2003, 155(3): 221 235.

Qin M Z, Zhang M Q. Multi stage sympledic schemes of two kinds of Hamiltonian systems for wave
equation] J]. Com put Math Appl, 1990, 19( 10): 51.

Yoshida H. Construction of higher order symplectic integrators[J] . Phys Lett A, 1990, 150(5/7) : 262
269.

[M]. : ,2001.



1062

Multi Symplectic Methods for Membrane Free
Vibration Equation

HU Wei peng', DENG Zichen"?, LI Wen- cheng’
(1. School of Mechanics, Civil Engineering and Architecture, Northwestern
Polytechnin cal University, Xi’ an 710072, P.R. China;
2.State Key Laboratory of Structural Analysis of Industrial Equipment,
Dalian University of Technology, Dalian, Liaoning 116023, P. R. China;
3. Schodl of Science, Northwestern Polytechnical University,
Xi’ an 710072, P.R. China)

Abstract: The multi- sympledic forrmlations of the membrane free vibration equation with periodic

boundary conditions in Hamilton space were considered. The complex method was introduced and a

semi-implidt twenty seven-point scheme with certain discrete conservation laws— a multi symplectic

conservation law ( CLS), an energy conservation law ( ECL) as well as a momentum conservation law

(MCL)- is constructed to discrete the PDEs that are derived from the membrane free vibration equa-

tion. The results of the numerical experiments show that the multi symplecdic scheme has excellent

long-time numerical behavior.

Key words: multi-symplectic complex discretization; Runge- Kutta method



