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Boussinesq
Uy +  Olbxxy + Buxxxxltz f(u)x,w 0< x < 1,'0< t < T, (1)
w(0,t) = u(lt) = we(0,¢) = uu(l, 1) = 0, 0<:i< T, (2)
w(x,0) = ¥x), w(x0) = dx), 0<x <1, (3)
, u(x,t) x 1 ,a>0 B> 0 J(x)
c¥x) Ax) :
( [1])
wit +  Ollxxxx + BLLxxxxlz = Y(uz)xx, (4)
a> 0,8>0 v Z0 . (1) (4) .
Boussinesq ( Bq )e Boussinesq ,
, [25] : ; [68] Bq
(D) ~(3) ,
e Il Nlellgm  L%0,1) Sobolev  H™(0,1) ,
Q= (0, 1)
1
Galerkin ()~ (3) .
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{yt)7,

y '+ N=0 0= y(1)=0  0< x< 1

j= 1,2 - L*(0,1)
(D~ (3)
w(xo1) = ZMi(t)yi(v). (5)
Wi(t) (j =12 -sN) N . ®(x)  P(x)
“x) = Dhiyilx). Hx)= Dpyi(x),
lj nj(j: 17 2’ ) ¢ (5)
@(x)= Dhy(x). h(x)= Dmyilx).
(D (3), x  Q ,

(1+ B}\?)u]vs+ 0)\521'!"\%: (f‘(uN)xxy ys)g (6)

By (0) = I, Ba(0)= n,  s= 1,2 ... N, (7)
W = dB(e)/de, (¢, ) L0, 1)

1.1 FEC fUs) KKl sI™=012), Ki> 0 . p

Bv() = {1+ ade ) Wis (14 B+ R+ BXNR) s 1 (8)

Z‘{(n aX+ aN)B+ (1+ N+ BN+ BA‘;)n%}+ 1< oo, (9)

(6) (7) [0 1] U(r) = (Wi(t), Wolt), -

Ww(t)),

En(1) <E[1— %Azoy’/z}_w: B, (10)

[0, tof s to> 004> 0 B N
(6) (7) W(t) (s= L2 4 N)
2N , f
[0, tn), IN N

(6) (1+ X)H(t), s= 12 N

(wv, uvi),

(%Ex\"(t) = z(f(uf\’)xx, uy;+ uNx4t) + 2(“4\", lL[Vt) =

2(f //(wv)uzlvx+f /(uN) UNew, UNe+ uNx't) + 2( un, uni)® (11)
Sobolev , (8),
Nun(e, 1) 1 ¢a) < Collun(s, 1) luta) S Ci(Ex(t))" (12)
G N

Hblder (8  (12),
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12 " (un) ube + f (uy) wnees une + unite) + 20wy, un) | S
-1
(2K luv(e, ) Weco) Nuve(e, t) lecoy Nlune(e, ¢) 1l +

2K1 ||uN(',t) ||Ié(Q) ||u1y3¢x(’,t) ||)( ||u1\rt(',t) ||+ ||uNx4t(', t) ||)+

2 un (e, t) I une(e, e) Il SA(Ex(t))? 272, (13)
A> 0 N . t €70, ty), (11) (13)
EN
Ex(t) <[1- (p/Z)At((g/)\'(O))p/z]Q/p S (p/g)AtE””'
to 1= (p/2)AwE"* < §, 0< 6< 1, [0, to] (10) . (21
- &) )/ (pAR"?) Ki1o< 2V(pAE?), (2(1= 8))/(pAE"?) > 0 , N
1.2 1.1 ., ()~ (3 uy (x, 1)
Wun(s, t) Uat+ (e, t) Wt + uva(s, 1) lg* < Ca, t €70, to]*
(10), (8)  En(t)
Wun(s, t) Nat+ Wuy(e, ) gt < Cs, t €70, 10]* (14)
Sobolev R
Hun(e, 1) Il ¢ra) < Ca, Vi € /0, to]* (15)
(6) (1+ X)Hy (1), s= 12 <N

_Z(n X)(1+ BN)UR (1) + Za}&(n X) B(t) URy( 1) =

(f(u!\/)xx; UNy + uNx4tt)

W unu (e, t) 12+ (B+ 1) Wunlu(e, t) 112 + Bl undu(e, t) [1%2 =

(f ”(wv)ufzvx+f "(uy) une — Qv une+ et (16)
(15),  (16) Young \ (14),
Wunu(e, ) 17+ (B+ 1) lun2a(e, t) 1P+ Bllundu(s, 1) I < Cse (17)
(14) (17)
1.3 1.1 \ (1)~ (3) w(x, t)e
(1)~ (3 un( %, t) (17)*
AsoliArzelit , { un(x, t )} Ne ( ){ uy (%, t )} Ne
w(x, 1), N7 oo Quy(® )T (r= 01,23, 4= 1,2) L0, 16 L*( Q)
u(x,t) u(x,t) (r=01234; = 12),
{wvx(x, t)};il {lwxx(x, t)};’:l [0,1] x [0, to] w(x, t)
uy(x,t) U (%, 1) u(x,t) (1)~ (3) .
ui(x,t) uxx,t) (D~ (3)

U(x,t) = ui(x,t)— uxx,t),
U(x,t)
Utt+ aUxxxx"‘ BU\:xxxtt:f(ul)m‘_f(ul)xxa 0< x < 1; 0< 1< to, (18)
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U0, t) = U(lt)= Usu(0,t)= Uu(lt) =0, 0<t <1, (19)
U(x,0) = U(x,0) = 0, 0<x <1 (20)

(18) U(x,t), x  (0,1) , , Gargliarde- Nirenberg
Young

{ U, 1) ||2+ WG, ) 1P+ all Uele, t) 1P+ Bl Uni(®, 1) ||2}=
.O[f (LL1)LL1r f (uz)uzx]U”dx+ 2J1UU[dx—
- .0{[f (u) - f (uz)]u1x+f (uz) Ux}Uﬂdx+ 2J:)UU[dx =

- ::){f //(u2+ 0(ui = u2)) Uue+ f ' (u2) Uv}l]“(‘]x+ ZJ’(‘)UUde <
Cé{ WOe, ) WU, t) L+ WU, t) W Ua(e,t) 11+
HU, o) 1 G, o) 1T} <
C7{ WU, o) 1P+ WU, ) 1P+ W Us(e, ) 1P+ I Us(*, 1) ||2}, (21)
(20), Gronwall . (2]
WU, o) 1P+ WU, ) 1P+ all Ua(e, ) 124 B Ui(e, 1) 117 =
ui(x, t) = usx, 1) .

2. 1(Jensen ) G(x) (a,b) ,G(x) € [a, b], ab ar b
0, F(x) (a1, b « Q(x) €L a b], Q(x) 20,
J:G(x)(?(x)dx 'rF(G(x))Q(x)dx
F D <
0 [or)m
229 ) €C (1) 2h(z)(t 200 z(0)= P> 0,2¥0)= T> 0
s 2P h(s) 20, Z¥t) ¥t) > 0
%(t)
<[ [ s
2.3 u(x,t) (1)~ (3)

(a) - %ﬁ)@(x)smnxdx: P> 0 - %J?)«b(x)sinﬂxdx = T> 0

(b f(s) € C*(R)
(1)£(0) = 0.f(P)- amP 20;
(i) s 7+ o f(s) :
o ZI[Z X flIEE Tﬁ -1/2
= JL [T2+ 1+ Bﬁ[fg(@dé- 2 SZ]+ . Brf‘} ds
To T,

lim sup | u(x,t)l=+ oo

t 'IB x€(0,1)
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|
z(t) = - %J-Ou(x, t)sinTlydxe
(1) (T/2) sinTly (0, 1)
.. T N n
-z(t)+ EG£Uxxxxsmﬂxdx+ EBJOu,mmsinﬂxdx = E"‘J(u)xxsinﬂxdx' (2)
u(x,t)

%GJ‘;u,mxsinJTxdx = - JT4&(Z), (B)
%ﬁj‘;u,mmsinﬂxdx =— WBz(1), (24)
l 3

%J.Of(u)msinﬂxdx - %Lf(u)sinﬂxdx‘ (25)

(B)~ (25 (22)
3

(1+ BUYZ(e) + atfz(¢) = ];—J:)f(u)sinﬂxdx’ (26)

Jensen , f

e - J'(‘)u(x, ¢ ) sinTlx dx
Eﬁ)f( u ) sinTly dx > Eﬁ)sinﬂx dx *f -

Lsinﬂxdx
(- 2(1)) = Tf(z(1))* (27)
(%) (27)
2
(1) 2l (5(1) = AT (u)], ()
z2(0)= P> 0,z¥0) = T> 0O
f(s)- an’s 20 s 2p e ., fEC(R)

S(s) 20 £(0)=0  fofs)=f(s)- aWs, fos)=f (s) 20  fo(s)

FoA0) = £(0) = 0, fo(0) = f (0)— o= — am’< 0,

fo( P = f(P)= alP >0 fo(s) (0.0 S (s0) = 0
Fols) . s Zso, fo(s) 2fo(so)= 0, s 2so L fols)
Jols) [P o) . fols) 2o P 20, Vs 20f(s)— alfs >

2

h(s)= T gall(s) = am’s),

s 20 L h(s) 20 2(0)= P> 0,2$0) = T> 0 (28). 2.2
,2¥t) z¥t) > 0
“(1) o [ , -2
v S p [T2+ 1+ BJT“.L(f(g)_ ot E)d% ds
To ST,z(t) ,

oo 2]-[2 i @2 aTL4p2 - 172
r-J I Bﬁ[fpf@di— 232]+ e a
z(t)> 0,
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(1]
(2]

(3]

z(t) <O<SEL31| u(x, t)

tljrzgo§9pll u(x,t)l =+ oo

[ ]

Rosenau P. Dynamics of dense lattices|[ J] . Physical Review B, 1987, 36(11): 5868-5876.

Samsonov A M, Sokurinskaya EV. On existence of longitudinal strain solitons in an infinite nonline a-
ly elastic rod[ J] . Soviet Phys Dokl, 1988, 4(2): 298-300.

Samsonov A M. Nonlinear strain waves in elastic waveguide[ A]. In: Jeffrey A, Engel brecht J Eds.
Nonlinear Waves in Solids [ M]. CISM Courses and Lecture, Vol. 341, Wien. New York: Springer,
1994.

Samsonov A M. On some exact travelling wave solutions for nonlinear hyperbolic equaion[ J]. Pit—
man Res Notes Math Ser, Longman , 1993, 227(1): 123-132.

Porubov A V. Strain solitary waves in an elastic rod with miaostructure[J]. Rend Sem Mat Univ Po-
litec Torino, 2000, 58(1): 189-198.

CHEN Gue wang, WNAG Yan-ping, ZHAO Zhar cai. Blowup of solution of an initial boundary value
problem for a damped nonlinear hyperbolic equation[ J] . Applied Mathematics Letters, 2004, 17(5):
491-497.

CHEN Gue wang, WANG Yar ping, WANG Shw bin. Initial boundary value problem of the generaized
cubic double dispersion equation[ J]. J] Math Anal Appl, 2004,299(2): 563-577.

[J]. ,2004,34(10): 153-158.

Glassey R T. Blow-up theorems for nonlinear wave equations[ J] . Math 7 , 1973, 132(2) : 183-203.

Blow-up of the Solution for a Generalized
Boussinesq Equation

WANG Yar ping"?, GUO Be-ling
(1. Department of Mathem atics and Physics, Zhen gzhou Institute of Aeronautical
Industry Management, Zhengzhou 450015, P. R. China;
2. Institute of Applied Physics and Com putational Mathem atics,
Beijing 100088, P.R . China)

Abstract: The initial boundary value problem for a generalized Boussinesq equation was studied and
the existence and uniqueness of the local generalized solutions of the problem by Galerkin method
were proved. Moreover, the sufficient conditions of blow-up of the solution of the problem in finite

time by the concavity method were given.

Key words: Boussinesq equation; initial boundary value problem; local solution; blow-up of the so-
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